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ELLIPTIC EQUATIONS IN WEIGHTED BESOV SPACES ON
ASYMPTOTICALLY FLAT RIEMANNIAN MANIFOLDS

UWE BRAUER AND LAVI KARP*

ABSTRACT. This paper deals with the applications of weighted Besov spaces to elliptic
equations on asymptotically flat Riemannian manifolds, and in particular to the solutions
of Einstein’s constraints equations. We establish existence theorems for the Hamiltonian
an momentum constraints with constant mean curvature and with a background metric
which satisfies very low regularity assumptions. These results extend the regularity results
of Holst, Nagy and Tsogtgerel about the constraint equations on compact manifolds in the
Besov space B, , [18], to asymptotically flat manifolds. We also consider the Brill-Cantor
criterion in the weighted Besov spaces. Our results improve the regularity assumptions
on asymptotically flat manifolds [13, 23], as well as they enable us to construct the initial
data for the Einstein—Euler system.

1. INTRODUCTION

Much attention has been devoted to solutions of the Einstein constraint equations in asymp-
totically flat space-times by means of weighted Sobolev spaces as an essential tool. These
spaces are defined by the norm

(1.1) T - Z/\(1+|:c\)5+alaau\”dx |

la]<m
and denoted by W} ;.

Elliptic equations on Wf;’é spaces were first considered by Nirenberg and Walker in [25].
This paper led to numerous publications dealing with its applications to the solutions of
Einstein constraint equations in asymptotically flat space-times. Some significant contri-
butions include the papers of Bartnik [3], Cantor [¢, 9], Choquet-Bruhat and Christodoulo
[12] and Christodoulou and O’Murchadha [15]. Afterward the regularity assumptions were
improved, by Maxwell in the vacuum case and with boundary conditions [23], and by
Choquet—Bruhat, Isenberg and Pollack for the Einstein—scalar field gravitational constraint
equations [13]. In both papers they obtained that the metric is locally in W2 when p > 5.
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In the case p = 2, Maxwell constructed low regularity solutions of the vacuum Einstein
constraint equations with a metric in the Bessel potential spaces H, with s > 5 [24].

The extension of the WT’:L’ s-Spaces to the weighted Besov spaces of fractional order was
carried out by Triebel [29] (see definition 2.1). We denote these spaces by W[5, where
s,0 € Rand p € [1,00). In this paper we are applying the weighted Besov spaces to the
study of elliptic equations on asymptotically flat Riemannian manifolds. This enable us to
improve regularity results. We also construct the initial data for the Einstein fields which
are coupled to a perfect fluid, and whose density either has a compact support or falls off
at infinity in an appropriate manner.

On compact manifolds one seeks solutions to the Einstein constraint equations in the
unweighted Sobolev spaces. Choquet—Bruhat obtained solutions with metric in W2 and
for p > % [11]. Later Maxwell improved the regularity in the Bessel potential spaces H* for
s > % [22]. Holst Nagy and Tsogtgerel [15] study solutions of the Einstein constraints in the
Besov space B | (see (2.1)). Among their results is the existence of weak solutions to the
Hamiltonian and momentum constraints in the Besov space B, , with s € (%, 00) N [1, 00)

and p € (1,00). Thus their results cover [ 1] in the case s = 2 and [22] in the case p = 2.

The present paper extends the regularity results of Holst Nagy and Tsogtgerel on compact
manifolds [18], to asymptotically flat Riemannian manifolds by using the weighted Besov
spaces W5 (see (2.1)). We establish existence results for the Hamiltonian constraint
with constant mean curvature (CMC) and the momentum constraint under the conditions
s € (3,00)N[l,00), 6 € (=3,n —2— %) and for all p € (1,00). The Brill-Cantor
condition suggests a criterion, similarly to the Yamabe number, under which a given metric
in asymptotically flat manifold can be rescaled to yield a conformal metric with zero
scalar curvature (see §5). For an enlightening discussion about this criterion see [17]. The
equivalence between Brill-Cantor condition and a flat metric was solved for the integer
order weighted Sobolev spaces and for p > % in [13, 23]. We treat the Bill-Cantor condition
in the weighted Besov spaces Wf’ s and establish its equivalent to a metric with zero scalar
curvature for s € (7,00)N [1,00), 0 € (=3,n—2—7)and all p € (1,00). To conclude, our
results generalize [7, 21] to p € (1,00), and improve the regularity of [13, 23].

The outline of the paper is as follows. In the first part of Section 2 we sketch Triebel’s
construction of the weighted Besov spaces and state their main properties. In the second
part we establish tools which are needed for PDE in these spaces, including embeddings,
pointwise multiplication and Moser type estimates.

Section 3 is devoted to elliptic linear systems on asymptotically flat Riemannian manifolds.
In the first subsection we establish a priori estimates for second order elliptic operators
with coefficients in the Wﬁ s spaces and show that these system are semi-Fredholm opera-
tors. This property has an essential role in the studying of the non—linear equations. The
definition of asymptotically flat of the class W£ s 1s done in subsection 3.2. In subsection
3.3 we are studying of weak solutions that meet very low regularity requirements. This de-
mands a special attention to the extension of L2-bilinear forms to the product of Wsp’ s with
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its dual on the manifold. Here we follow the ideas of [18, 22] and establish the continuous
extensions (Propositions 3.9 and 3.10). We then define weak solutions on the manifolds
and derive a weak maximum principle.

In Section 4 we prove the existence and uniqueness theorem of a semi-linear equation, where
the linear part is the Laplace—Beltrami operator of an asymptotically flat Riemannian
manifold. The method of sub and super solution is the common method for these types
of non-linearity, however, we shall implement Cantor’s homotopy argument [9] in the
weighted Besov spaces.

Section 5 discusses the Brill-Cantor criterion. We show that condition (5.1) is necessary
and sufficient for the existence of a metric in W? .5 and with zero scalar curvature, when
s € (5,00)N[l,00), 6§ € (=%,—2—n+7) and all p € (1,00). The main difficulty is
the estimate of the Yamabe’s functional (5.1) in terms of the relevant W ;-norms. Here
we use a slightly advanced form of pointwise multiplication of three functions in Wﬁ (see
Proposition 2.11). Finally, in Section 6 we are considering the construction of initial data
for the Einstein—Euler system. In this system the equations for the gravitational fields
are coupled to a perfect fluid and certain relations between the matter variables and the
fluid variables must be fulfilled. In [7] the authors discussed this problem in details in the
weighted Hilbert spaces W2 5. Here we extend these results to the Wf 5 Spaces.

Some notations: For p € (1,00), p’ will stand for the dual index to p, that is ;3 + z% =1.
The scaling of a distribution v with a positive number ¢ is denoted by u.. A Riemannian
manifold is denoted by M and g = g4 is a metric on M, Vu is the covariant derivative
and |V|§ = ¢, udpu, where g is the inverse matrix of g,,. Latin indexes a,b take the
values 1,...,n and the dimension n is greater or equal to two throughout this paper. We
will use the notation A < B to denote an inequality A < C'B where the positive constant
C does not depend on the parameters in question.

2. THE WEIGHTED BESOV SPACES

2.1. The construction of the Spaces W?’;. In this subsection we sketch Triebel’s con-
struction of the weighted Besov spaces. We start with fixing the notations and recalling
the definition of Besov spaces Bl [1, 31]. Let S denote the Schwartz class of rapidly
decreasing functions in R™ and S’ its dual. Let {¢,} be a smooth dyadic partition of unity
of R™ such that > ¢;(§) = 1, and F(u) be the Fourier transform of a distribution u.
For se Rand 1 <p < oo,

[oe] 1/p
(2.1) WP.=B, =quecS :||ullyr:= (Z 2Jsp Hf_l(gbj]:(u))”zp> < 0

J=0

For the construction of the weighted-W? space we also use a dyadic partition of unity,

which is denoted by {1}52,, and is such that the support of 1; is contained in the dyadic

shell {z : 2772 <|z| < 27t} ;(z) =1 on {z: 2771 < |z| <27} for j = 1,2, ..., while 1
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has a support in the ball {x : |x| < 2} and ¥o(z) = 1 on {z : |z| < 1}. In addition we
require that {1;}22, C C5°(R") and satisfies the inequalities

(22) 07(2)] < Ca27,

where the constant C, does not depend on j. For a positive number £ we denote the scaling
u(ex) by u.(x).

Definition 2.1 (Weighted Besov spaces W/5). Let 5,0 € R and p € [1,00), the W s(R")-
space s the set of all tempered dzstmbutzons u such that the norm

5+2)pj
(2.3) HuH’V’%(Rn) = 22< +5)pj
j=0

18 finite.

(%-U)@j) ZV

The W!-norm of distributions in an open set  C R™ is given by

I\U\!W55< Q) mf ”fHWpé(]R” :

The following basic properties were established in Triebel [

, 30].
Theorem 2.2 (Triebel, Basic properties). Let s,d € R and p € (1, 00).

(a) The space W[ s(R™) is a Banach space and different choices of a dyadic resolution
{1;} which satisfies (2.2) result in equivalent norms.
(b) C5°(R™) is a dense subset in W 5(R™).
(c) The dual space of W[ s(R") is Wflsﬁa(R”), where p' = £t
(d) Interpolation (real): Let 0 < 6 < 1, s = 0sg+ (1 —0)s1, § = 009 + (1 — 0)6; and
1/p="0/po+ (1 —0)/p1, then
(W25 (R, W2, (RY)), = W (R,

51,01

Remark 2.3. A distribution f belongs to Wfp;ﬁé(R”) if and only if there exists a positive
constant C' such that

[(f: o) < Cllgl
It follows from (b) and (c) above that

(2.4) £y any = SRAIS, 1 5

WP (R V pe Wpd(Rn)

wr,@ny < Lp € Coo(R™)}.

For s > 0 the Besov norm (2.1) is equivalent to the norm of the fractional Sobolev spaces
(see e.g. [1, Ch. 6], [28, §35] or [31]). Their norm is defined as follows. Let m be a
nonnegative integer and 0 < A < 1, then

Z\a|gm |0%ul[7,, s=m

p a 8 u a p
lllsp =9 S fovullt, + Z/ | T ’nw( D Gy, s =m+x -

laj<m laf=m




ELLIPTIC EQUATIONS IN WEIGHTED BESOV SPACES 5

Thus a natural extension of the spaces defining by the norm (1.1) to spaces of fractional
order when s > 0 is

(2.5)
() I+ ) ol s=m
lae|<m

ull?, s = Z (1 + Ix\)5+'“‘3“U\!ip+

5P;0 |a|<m )
(1 + |z]) §+m+>\aa (z) — (1+ ’y‘)5+m+>\aau(y)|p s=m-+ A
Z n+X d?[?dy,
{ lal=m o=yl

In order to show the equivalence between the norms (2.3) and (2.5) we introduce the norm
of the homogeneous norm, that is,

2 jaf=m ||<9“U||Lp, §=1m
le% Oé p
||uH§,p,hom = E / 0% ‘ u(y)| drdy, s=m+ A

T — ‘n—&-)\p

laj=m
and recall the equivalence [[ull}, ~ [lullf, + [[ull,, 1o Using this equivalence and the
dyadic resolution {v;}, Triebel [29, Theorem 1] proved that

o

(2.6) a5 ~ > 2 gl + 2059 gl o
j=0

Moreover, he showed that the constants of the above equivalence depend only on s, 4, p,
the dimension and the constants C,, of inequalities (2.2).

Taking into account the homogeneous properties, that is, ||(¥;u)e |5, = 27" ||¢;ul|}, and
(52 |5 ) pom = 277 P |bjull? o, and combining them with the equivalence (2.6),
we obtain

lully

5+2)pj
? s Zz< (g [ + 1 (W510) 12 o)

(6 (6
~Z2 | ()i 12, ~ ZQ N, = lulfyr g

This proves the followmg theorem of Triebel [29].

Theorem 2.4 (Triebel, Equivalence of norms). Let s >0, 1 <p < oo and —o0 < § < 00.
Then the norms (2.3) and (2.5) are equivalent. In particular, when s is a non-negative
integer, then the norm (2.3) is equivalent to the norm (1.1).

2.2. Some Properties of W ;(IR")-spaces. In this subsection we establish several useful
tools for PDEs on these spaces, including embeddings, pointwise multiplications, fractional
powers and Moser type estimates.
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Proposition 2.5. If u € W[ (R"), then

(2.7) 1Oullwe ;. @y < Cllullwr @,

where the constant C' depends on the constant of the equivalence of Theorem 2.J.

Proof. If s > 1is, then (2.5) implies ||0;ul[s—1ps+1 < ||t||sp.5, s0 (2.7) follows from Theorem
2.4 in that case. For s < 0, we have by the previous stage

[{Oiw, )| = [(u, Bip)| < lullwe j@m 10ipllwrr @y < Cllullwe @ llellwr | @n

for all ¢ € Cg°(R"). Hence by (2.4), [|Oullw g < Cllullws . @n). For the remaining
value of s we use interpolation in order to obtain (2.7).

g

Proposition 2.6. Let xg € C®°(R") be a cut-off function such that xg(z) = 1 for |z| < R,
xr(x) = 0 for |z| > 2R and |0°xr| < ca R71?I. Then for §' < & there holds

11 = xr)ullwr, @ S R_(5_6)||U||W§6,(Rn)-

Proof. Let Jy be the smallest integer such that R < 2772 Then (1 — xg)¢; = 0 for
7 =0,1,..., Jy — 1, and hence

10 = xr)ullr gy = 2 20 (51 = xm)) [

Jj=Jo

30 2T (), [ 276 Y 2 g,

Jj=Jo Jj=Jo

’ p
S (Bl o )
U

The next proposition deals with embeddings. It concerns also the embedding into C3*(R™),
the weighted space of continuously differentiable functions, where m is a nonnegative in-
teger, f € R and with the norm

(2.8) lulleg @y = 310 <m SuPRa (1 + 27 [0%u(2)])
Proposition 2.7 (Embedding).

(a) Let s1 < sy and §; < 8y, then the inclusion Wim (R") — W; (R™) is continuous.

b) Let 51 < so and 8, < 0, then the embedding i : WP . (R") — W R™) is compact.
52,02 51,01
(c) Let s > 2+m and 6+ > B, then the embedding W7s(R") — CF(R") is continuous.
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Proof. From the definitions of the norms (2.1) and (2.3), we see that they are increasing

functions of both s and d. Hence [lulwr = @n) < [[ullw» . (®n) and that proves (a). To
51,01 5202

prove (b), we let N be a positive integer and set iy(u) = Z;.V:O(wju)gj. Since iy (u) has
support in {|z| < 282} and s < 9, in is a compact operator from W2 to W2 (see e.g.
[16]). In addition, by Proposition 2.6 we have

lin ) — i)l oy <2V s oo
Thus the embedding ¢ is a norm limit of compact operators, hence it is itself compact.

We turn now to (c). Assume first that m =0 and s > 2, then supg. [u(z)| < [Jullwr (see
e. g. [28, §32]). Applying it term—wise to the norm (2.3), we have

sup(1+ o fu(o)| < 2*sup (2 sup s (e)uo)] )

7>0

(2.9) 9% sup (2@ sup [t (Pe)u <2fx>|) < 2 sup (27 4y )

j=0 j=0

<2 sup (2% (g lwr ) < 2l e
J=Z
If m > 1 and |o| < m, then 0°u € W? "o, 5+‘a|(R”) by Proposition 2.5. So applying (2.9) to

0% with 0’ =0+ |o| and ' = + |a| we obtain [|0® u||Co & S Cllo%ullw» st B
0

For further applications we discuss the construction of the sequence {¢;} appearing in
Definition 2.1. Let h be a C*°(R) function such that h(t) = —1 for t < 1, h(t) = 0 for
1/2<t<1and h(t) =1 for 2 <t. Let

2.10 gty =14 €T, i <1
(2.10) (t) {07 ] >1

Then the functions ¥;(x) = g(h(277|z|)) satisfy the requirements of the dyadic resolution
above Definition 2.1. Moreover, for any positive v, ¢ () = ¢7(h(27/|])) and from (2.10)
we see that there are two constants Cy (v, a) and Cs(7y, ) such that

C1(y, )|0%0;(x)| < [0%¢] ()] < Caly, @) |0%;(x))|
for any multi-index «, and these inequalities are independent of j. Therefore the family
{1} } satisfies condition (2.2) and hence by Theorem 2.2 (a) we obtain:

Proposition 2.8. Let v be positive number, then

(2.11) HUH @) NZQ(6+ )pj

p

(74) @y |,

By means of Proposition 2.8 we establish multiplication and the fractional power properties
of the weighted Besov spaces.
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Proposition 2.9. Assume s < min{sy, sa}, s1+ 82 > s+ %, $1 + $2 > n - max{0, (% -1}
and 6 < 01 + 09 + %, then the multiplication

W1 5, (R") x W:; (R") — Wp(s(R")

18 continuous.

Proof. Let u € WP

$1,01
embedding results, we have

I (@Fuv),; lwe S N @)y llwe, [ (€50)y llwe, -

For the proof of these types of results see [20, §4.6.1]. Set a; = || (¢ju),,; (I} 7 and b; =
| (150)4; [|5» » then by Proposition 2.8 and the Cauchy Schwarz inequality we have

(R") and v € W?

89,09

(R™), then by the corresponding unweighed

||u'UH (R7) iQ UU) g ) 5 iQ(dl-‘r +o2+2 ) ajb
j=0 W §=0
< (f: (2((51-|-n>11)]'6v>2>é (i <2(52+2)ij>2>%
~ g ) s J

(s G242 ) pj
(ZZ 1+ ) (ZQ( 2+p)mbj) < HUHI;V;”15 || ||ps ey
=0 =0

Corollary 2.10. Let s > % and § > —%, then the space Wf,(s s an algebra.

Proposition 2.9 can be extended to a multiplication of three functions and with relaxed
conditions on the ¢§’s.

Proposition 2.11. Assume s < min{sy, so}, $1+$2 > s+ %, $1+ 2 > n-max{0, (12—) - 1)}
and 0 < 01 + 09 + 03 + 27”, then the multiplication

P p
WP sy x Wi s, x WP s — WEs

2

18 continuous.

Proof. Similarly to the above proof, by the multiplication properties in the Besov spaces,

| (Wiuvw),; lwe S N (5w lhwe | @50)g llwe, | (50),; lwe,-
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P » to the notations of the previous proof, and replacing the
52

Adding ¢; = || (jw)y [y,
Cuachy—Schwarz inequality by Hoélder inequality, we get that

[ —— (f: (2(61+’;)pjaj>2) 2 (i (2(52+g)pjbj>4> : (i (2(53+;)pjcj>4>

1
1

j=0 j=0 Jj=0
< (Z 2(61+Z)pjaj> <22(62+;)pjbj) (Z 2(53+g)pjcj>
=0 j =0
SJ ||u||€v.f1,61(Rn)||U||€Vs2,52(Rn || ||p 9 ,03 (Rn)

Proposition 2.12. Letu € W/;NL>, 1<7,0<s<7y+ ]lo and 0 € R, then

[l

W 5(R™) < C([Jullpee)||ul WP 5 (R™) -

Proof. The unweighted inequality,
(2.12) Iul™]

(fJull o)1

was proved by Bourdaud and Meyer [5] for v = 1 and by Kateb [19] for 1 < 7. Applying
(2.12) term—wise to the equivalent norm (2.11), we get

@
el Iy, 5y = 22 Rl [T

oo

< (Cllullz=))? Y222 ()i lfyp < (CClullz))” luallyr zny-

=0

O

Proposition 2.13. Let F: R™ — R! be a CN T function such that F(0) =0 and 0 < s <
N. Then there exists a positive constant C' such that

(2.13) 1F@)llwr zny < ClIF e (14 [lullZ) llul
for any w € W s(R") N L>(R"). In particular, if s > % and 6 > =%, then
(2.14) 1E () [lwr, mny < C||U||W§5(Rn)-

WP, (&™)

Proof. The Moser type estimate
(2.15) IF(u)llwe < CllEllever (1+ flullZee) llullwe,

in the Besov spaces was proved in [20, §5.3.4]. Let {¢;} be the dyadic resolution of unity
used in the definition of the norm (2.3) and set U;(x) = (p(x)) ';(z), where p(z) =
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> —o¥j(z). Then the sequence {¥;} C C§°(R"), satisfies (2.2) and » 377 ¥;(z) = 1.
Since F'(0) = 0, we obtain

j+1 J+l
(2.16) (G F(u)y = Y (G F(Wu)y = > ((F(Wr))ge) 5y -
h—j—2 h—j—2

for each j. Here we use the convention that a summation starts from zero whenever
k — 7 < 0. Using a known scaling properties of the Besov’s norm, we have

H(WiF(q]ku))zk 2i— k”wp S 2= n/eg? ||( H Y5 \Ijk“))%HWf’
so by (2.15),
(2.17) [ (@3 F(Tu))ge|ye < ClIFllewsr (14 flullzoe) | (@) [l
Combining (2.16)-(2.17) with inequality [[(¥xu)qr[lyyr < C'[[(¥rt)gx[lyy», We obtain that

(oA 22‘”””” (3 F (1)) [0

k=j+1

é n
< (ClIFllow+r (L + [ullz)) ZQ( FRIPEN 20| () e [

_]2

<A (ClIFflow+r (1 + flull=))” Z 2057 || (e [y

— 4 (O Fllewss (1+ ) ||uuwp -
When s > % and 6 > %, then (2.14) follows from Proposition 2.7(c).
[l

3. LINEAR ELLIPTIC SYSTEMS ON ASYMPTOTICALLY FLAT RIEMANNIAN MANIFOLDS

In this section we study second order linear elliptic systems whose coefficients are in the
weighted Besov spaces. We emphasize the study of operators with the Laplace Beltrami
of an asymptotically flat Riemannian manifold as the principal part. The range of ¢ is
restricted to the interval (—ﬂ -2+ ”) since for these values of ¢ the Laplace operator is

an isomorphism between Wp 5 and W YIS

3.1. Linear elliptic operators in R". We consider second order linear elliptic systems
of the form

Lu = ayD*u + a1 Du + agu,

where ay are N x N block matrices. The operator L is elliptic if

(3.1) det ((az)§?(2)&as) # 0 for all z € R™ and ¢ € R™\ {0},
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where (ag)fjb denotes the coefficients of the matrix ay. Let A, be a matrix with constant
coefficients, the symbol A, stands also for a second order differential operator of the form

(Asctt) = (Ace)e0u0pt0 .

j,a,b
We are assuming det ((Aoo)?;) §a§b> # 0, hence A, is an elliptic operator.

Definition 3.1. We say that operator L belongs Asy(As) if condition (3.1) holds and
as — A € Wﬁa(R"), a; € WS’le(R”) and agy € Ws{z,gw(Rn)-

The following Corollary is a consequence of Propositions 2.5 and 2.9.

Corollary 3.2. Let L € Asy(Aw), s € (%,oo) N[l,00), 6 > —>and p € (1,00), then
L Wis(R") = W, 505(R)

1$ a bounded operator.

Lemma 3.3. Let =% <0 < =2+ 7 and p € (1,00), then the operator

(3.2) A Wsp,a(Rn) - Wf—2,5+2(Rn)

1S an isomorphism.

Proof. For an integer s which is grater or equal two, the isomorphism of system (3.2) was

proved by Lockhart and McOwen [20, Theorem 3]. Hence, by interpolation, Theorem
2.2(d), it is an isomorphism for all s > 2. For s < 0 we consider the adjoint operator
(33) (A s W,y s o(RY) = W7, (R™).

This is an elliptic operator with coefficients ((Aoo)f;’)* = (Ax)%. Note that —y < —0-2<
—2+ 2, so the previous part implies that (3.3) is an isomorphism for s < 0. Since the
adjoint of an isomorphism is also an isomorphism (see e.g. [27, Theorem 5.15]), we conclude

that (3.2) isomorphism for all negative integers, and by interpolation for all s. O

In order to prove a priori estimates for L € Asy(A.,) we need the corresponding result in
the unweighted Besov spaces. The following Lemma was proved in [18, Lemma 32].

Lemma 3.4 (Holst, Nagy and Tsogtgerel). Assume the coefficients of L satisfies the con-
ditions: a; € W_; fori=0,1,2, s € (,00) N [1,00) and p € (1,00), and (3.1). Then for
all w € WP with support in a compact set K, there is the a constant C' depends on K and
the WP _.-norms of the coefficients a; such that

(3.4) lullye < € {lLullyy, + s, }-
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Lemma 3.5. Let L € Asy(Ax), s € (%,00)N[1,00), =5 <0 < -2+ 7, p € (1,00) and
&' < 6. Then for any u € W[ ;(R"),

(3.5) llyr, ey < € {IZullyr oy + Nl | }

where the constant C' depends on Wﬁ(s-norms of the coefficients of L, s,0,p and ¢'.

As a consequence of the estimates (3.5) and the compact embedding Proposition 2.7(c),
we obtain:

Corollary 3.6 (Semi-Fredholm). Let the conditions of Lemma 3.5 hold, then L
WEs(R™) — WP, 5. 5(R™) is a semi—Fredholm operator.

Proof of Lemma 5.5. Let x, be a cut-off function such that supp (x,) C Bap,, X,(z) =
1 on B, and |0%x,| < C,p~1el. Here B, denotes a ball of radius p. We decompose
u = (1 — x,)u + x,u and estimate each term separately. Lemma 3.3 implies that A is
isomorphism, hence there is a constant C' such that

(3. = Xl any < € A (1 = X))y
Let [Aw, (1 — x,)] denote a commutation, then
(3.7) Aco (1= xp)u) = [Aoe, (1 = xp)lu+ (1 = xp) L(u) = (1 = x,)(L — Axo)u.

The commutator [A, (1 — X,)] is an operator of order one and with coefficients with
compact support in Bs,, hence

(3.5) Ao, (1= Xty aey < Colo) Nl oy

Letting 6; = - and 3 = 0 + 2 allow us to apply Proposition 2.9 and with a combination
of Proposition 2.5, we get that

H(l — Xp) (Ao — a2 DQUHWP L o(R7) S = xp) (Ao — )HW” (R) ”DQUHWP 2.542(R™)
S = xp) (A — )Ilwgél(Rn) llywr  n)

Since 0 > 0; = —%, we can apply Proposition 2.6 and obtain that

2,542 (B

_(§—1

11 = xp)(Ae = a2)lyyr oy S p O ||(As — a2) |l (en)
Repeating similar arguments with the other terms, we conclude that
(3.9) (1= Xp) (L = Aco)ullyyr

where

_(§_n
<p C=3IA Hu|‘W§5(R") 5

25+2( ")

A= l(a2 = Aoo)llwr ey + llanllwe | ey + llaollwr |y -
Thus from inequalities (3.6), (3.8) and (3.9), and the identity (3.7), we obtain that
1L = Xp)ullywr @y < CllLullyr ,  @ny +Ci(p) ”uHWf_M,(R”)

(3.10) _(5n
+p ”)A|’UHW§5(RH)~
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We turn now to the second term. Since y,u has compact support, ||Xpu||Wp6(Rn) ~ ||x,
so by Lemma 3.4,

G gl = el < € {ILOG Iz, + Il |-

Now L(x,u) = x,Lu + [x,, LJu, where the commutator [x,, L] is an operator of order one
and coefficients with compact support in By,. Hence

ILOullwe, < [Ixp(Lu)llwe_, + 1D, Lullwe,
< Cy(p) {HLUHWf psia@®) T HuHWS’LM,(Rn)} :
Combining inequalities (3.10), (3.11) and (3.12) yields
s, @y <4C+ Calo)} Ll , ey + 1C3(0) + Calp)} s o

(3.12)

_(5—n
+p ”)AHUHWP 5 (R

Thus choosing p sufficiently large so p PA< ] 5 completes the proof. U

The next proposition asserts that solutions to the homogeneous equation have a lower
growth at infinity.

Proposition 3.7. Assume L € Asy(Ax) s € (2,00) N[l,00) and 6 € (=5, =2+ 7). If
Lu=0, thenu € W&,(R") for any &' € (—%, 24 ]%)

Proof. We follow the idea of Christodoulou and O’Murchadha [15]. By Proposition 2.7 (a)
it suffices to proof the statement for ¢’ > §. Let

f=(L—-A )u.
At the first stage we chose ¢’ > ¢ so that 2 + 6+ (6 +2) > ¢’ + 2. Then by Proposition 2.9
we obtain that

W lhwr w5 (llaz = Ascllyr oy + ol W+mmwﬁﬁwwwy

Since Lu = 0, Aou = f, so by Lemma 3.3 we get that ||u||Wp J(R™) ||f||Wp J(B")"
—2,8"+

We now may repeat this procedure with ¢’ replacing § and " replacmg 5’ it can be done
iteratively until 6" = -2+ 2 rE O

3.2. Asymptotically flat manifold.

Definition 3.8. Let M be n dimensional smooth connected manifold and let g be a metric
on M such that (/\/l g) is complete. We say that (M, g) is asymptotically flat of the
class W5 if g € W}, (M) and there is a compact set K C M such that:

s loc

1. There is a finite collection of charts {(U;, ¢;)}X., which covers M\ K ;

2. For each i, ¢;"(U;) = E,, :== {x € R" : || > r;} for some positive r;;

3. The pull-back (¢ig)ap is uniformly equivalent to the Euclidean metric 64, on E,,;
4. For each i, (¢ixg)ab — dar € WL s(Er,).
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The weighted Sobolev space on M is denoted by Wg s(M) and defined as follows. Let
Uy C M be an open set such that K C Uy € M. Let {xo,x;} be a partition of unity
subordinate to {Up, U;}, then

N

(3.13) el aty 2= ootz + 3 165 Ol e

i=1
is the norm of the weighted Besov space W[;(M). TFor the definition of the norm
Ixoullyry on the manifold M see e.g. [15]. Note that the norm (3.13) depends on
the partition of unity, but different partitions result in equivalent norms.

The properties of the Wsp’ s(R™) spaces proven in Sections 2.2 and 3.1 are also valid for
W?5(M). These can be proved by using a finite cover of coordinate charts and a partition
of unity subordinate to the cover. In the definition of the norm (2.8) on M, dp(x) replaces
|z|, where dp(z) is the geodesic distance from a point z to a fix point O. From condition 3
of Definition 3.8 follows that dp(z) agrees asymptotically with the Euclidean distance |z|.
Thus the spaces C'(M) and CF'(R") share the same decay properties.

3.3. Weak solutions of linear systems on manifolds. We denote by V,u the covariant
derivative, A, the Laplace-Beltrami operator with respect to the metric g and by p, the
volume element on M.

Prior to the definition of weak solutions, we have to extend the L?-form
/uvdug, u,v € Cy°(M)

to a bilinear form on Wf’(;(/\/l) ®Wi775(./\/l). To begin with, we start with a smooth metric
g and set

(3.14) (u,0) (12,5 :/ wvdpg, u,v € C3°(M).
M

Then by a standard functional analysis arguments (see e.g. [1, §3.7]) and Theorem 2.2(c),
there is a continuous extension of the form (3.14) to a continuous bilinear form on (-, -) (4,9)

WPs(M) @ WP ls,_ s(M) — R satistying a generalization of Holder inequality
(3.15) o 0homaa] < T a0l

for all s and 0. Suppose now (M, g) is an asymptotically flat manifold of the class W/,
s>2and > —%, then by Propositions 2.9 and 2.13 there is a function h such that h > 0,

P
h—1¢€ W/s(M) and du, = hdp,. Following [18, 22], we define

(3.16) (U, 0) (2 gy = (MU, 0) (12 5, u,0 € Cg°(M).

If u € W[ ;(M), then hu € W7 (M) by Proposition 2.9. Therefore we have obtained:



ELLIPTIC EQUATIONS IN WEIGHTED BESOV SPACES 15

Proposition 3.9. Let s > L o > - and (M, g) be an asymptotically flat manifold
of the class Wf . Then the inner product (3.16) extents to a continuous bilinear form

(Y mg) : WEs(M) @ Wf/&_é(J\/l) — R which satisfies the inequality

(317) |<U,U>(M7g)’ 5 HUHWSP(;(M) H’UHWS,S,_(;(M) :

In a similar manner (see [22]), the L2- bilinear form
(Vu, Vo) (2 = /M VeuViyodp,
has a continuous extension whenever g is a smooth metric. We set (V,u)* = §up9°°O.u and
define
(3.18) (Vu, Vu) 12,4 = (M(Vu)*,v) 12,4,

where h is as in (3.16). Then it can be extended to a bilinear form (Vu, Vv) ) satisfying
the inequality

(Ve Vohang) S IHT0) o 1901

WP (M)
By Propositions 2.5, 2.9 and 2.13, |h(Vu)* ||Wp (M) < ||u||W§5(M) and
||VU”W1PLS’7671(M) S HUHW;?LS,,&,Q(M)' So we conclude:

Proposition 3.10. Let (M, g) be an asymptotically flat manifold of the class Wf’é, fe
W g502(M), s €[2,00)N[1,00) and § > —2. Then the L2-bilinear form (Vu, Vv) (2.9
defined by (5.18), and the form (f, v)(L27g) have a continuous extension to the corresponding
forms on W25(M) ® wy 5s—5_2(M).

If v has a support in a certain chart, then by integration by parts, we obtain

(Vu, Vo) /\/det g0 udyvdr = /A uvdjig.

This justifies the following definition.

Definition 3.11 (Weak solutions). Let ag, f € W! ;. ,(M) and s > 1. A distribution
u € W75(M) is a solution of the equation

(3.19) — Ayu+ apu = f,
if
(3.20) (Vu, Vo)(12,9) + {aou, ) (rmg) = (fs 0)mg)  for all ¢ € C°(M).

In case of inequalities in (5.19), then the equality in (3.20) is replaced by the corresponding
inequalities and the test functions are non—negative.
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In local coordinates, we have

1
Agu = 90,05 + Oy (™) Ou + étr (gab(abgab)) g®0,u.

Hence, if s € (%, o0) N [1,00) and § > —%, then Propositions 2.5, 2.9 and 2.13 imply that
(—A, + ap) € Asy(A,s,d,p), where A is the Laplacian with respect to the Euclidean
metric, and as a consequence of Lemma 3.5 we obtain:

Corollary 3.12. Let s € (2,00)N[1,00), 0 € (=%, =2+7), ap € W, 5,,(M) and assume
(M, g) is an asymptotically flat manifold of the class Ws. Then
—Ag+ag : Wza(M) - Wf—2,5+2<M)

1s a semi—Fredholm operator.

Next we prove the weak maximum principle for the operator —A, 4 ay when ay > 0. For
p = 2 it was proved by Maxwell [21], and on compact manifolds in the WP-spaces by Holst,
Nagy and Tsogtgerel [18]. We recall that the distribution ag > 0, if (ag, ¢)(r1,g) > 0 for all
non—negative ¢ € C§°(M).

Lemma 3.13. Assume (M, g) is an asymptotically flat manifold of the class Wﬁd, ag >0,
ap € WP 5500, S € (%,00)N[1,00) and § > =2 Ifu € W?2s(M) satisfies

(3.21) — Aju+ apu <0,

then u <0 in M.

In order to prove it we need a pointwise multiplication in WP with different values of p.

Such properties were established in [26, §4.4], but for our needs it suffices to use Zolesio’s
result and formulation [32].

Proposition 3.14 (Zolesio). Let 0 < s < min{sy, s2}, and 1 < p;,p < 0o be real numbers

satisfying
1 1 1 1 1
$i—s>n|——-— and S +Ss—s>n|—+———|.
pi D pr Dp2 D

Then the pointwise multiplication WP x WP2 — WP is continuous.

We shall also need the following known embedding (see e.g. [1, Theorem 6.5.1]).

Proposition 3.15. If s — % > S — p% and p < po, then the embedding WP — WL is
continuous.

Proof of Lemma 3.13. We will show that u < e for an arbitrary positive €. Since u €
W?s(M), it tends to zero at each end of M by Proposition 2.7(c). Hence there is an open
bounded set € such that {u > ¢} C Q. Let w := max{u — €,0}, then it has compact
support in the closure of 5. We recall that if a certain function, say v, has support in the
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closure of €, then ||U“W§5(M) =~ [|v[|yyp(q,- Because of the limitations of the embeddings

of Proposition 3.15, we split the proof into two cases, p > 2 and p < 2.

Starting with p > 2, we have that WF(£y) € W2(Q). Hence w := max{u — ¢,0} also
belongs to W2()). We now claim the uw belongs to the dual of Wp 5(£0), that is,

ww € WP (Q). Since 2 — s < 1, it suffices to show that uw € W (Qq). Applying
Proposition 3.14, we have that
0l gy S Tz 10Ty

and since p’ < 2, we have by Holder inequality that
p—2 /
[0l o S (VOl(€0,9)) 2 [lwlfyz )

Hence uw belongs to the dual of W ,(€). Since agy, € W, 5(S2) and uw > 0, we have

by the density property of Besov spaces that <a0,uw>( M,g) = 0. Combining these with
(3.21) and (3.20), we obtain that

0 < (ao, vw) (pm,g) = (@ot, W) (g < —(Vu, V) a,g) = —(Vw, V)24 S — HVwH%VIQ(QO).
Thus w = 0 and consequently u < e. That completes the proof when p > 2.

In the case of p < 2, we first claim that ay € W (). To see this we apply Proposition
3.15 with sp = —1 and and py = n, then the inequality s — 2 — % > —1 — = holds, since
5> %. The requirement p < pg = n holds since throughout the paper n > 2. We conclude
ag € W™ (Q). Applying again Proposition 3.14, we have that

||uwHW1n’(QO) < ||U||W§’(Qo) ||wHW1"(Qo) :

Thus uw € W (), the dual of W (Q), and then as in the case p > 2, we obtain that
u < €. That completes the proof. O

Let é denote the Fuclidean metric in R™. Then by the weak maximum principle, the
operator

Agigr-ney +tao : Wis(M) = W, 5.5(M)
is injective for all ¢ € [0, 1]. Thus by standard homotopy arguments and Corollary 3.12 we
have obtained:

Lemma 3.16. Assume (M, g) is an asymptotically flat manifold of the class ng, ayg > 0,
ag € Wi y5.9, s € (5,00)N[l,00) and § € (=%, =2+ 7). Then for any f € W[ ;. (M)
equation

—Agu+apu = f

has a solution u satisfying

(322) HUHWfé(M) < C HfHW:72,6+2(M)

and the constant C' is independent on f.
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4. SEMI-LINEAR ELLIPTIC EQUATIONS

In this section we establish an existence and uniqueness theorem for a semi-linear equation
whose principal part is the Laplace—Beltrami operator on an asymptotically flat Riemann-
ian manifold. The method of sub and super solutions is used frequently in such types
of problems, however, we will employ a homotopy argument similar to Cantor [9]. The
authors applied this method in [7] for p = 2 and s > 2, and here, beside extending it to the
Wﬁ s-spaces, we simplify some of the steps of the proof by using the dual form of the norm
(2.4). The conditions of Theorem 4.1 below could be relaxed to some extensions, but we
refrain dealing with that here. Let

F(u,z) == hy(u)mi(x) + - - - + hy(u)my(z),

be a function, where h; : (—1,00) — [0,00) is C! non-increasing function, m; > 0 and
m; € W[ 5 5,5(M). The typical example of h;(t) is (1 +¢)™* with a; > 0.

Theorem 4.1. Assume (M, g) is an asymptotically flat manifold of the class Wﬁé, ap €
WY 500, 0020, s € (%,00)N[l,00) and 6 € (=2, =2+ 5). Then the equation
: P p p

—Agu+ apu = F(u,-)

has a unique non-negative solution u € Wﬁ(s(./\/l).

Proof. We define a map & : (WS(;(M) N{u>—-1}) x [0,1] — WP, 510(M) by
(4.1) O(u, 7) = —Ayu+ apu — 7F(u, )

and set J = {7 € [0,1] : ®(u,7) = 0}. Lemma 3.16 implies that 0 € J and therefore it
suffices to show that J is an open and closed set. Since the functions h; are non-increasing,

98 (u,-) <0, and therefore the operator

0P
Lw = (%(u, T)) w=—Ayw+ ayw — T%(u, Jw.

satisfies the assumptions of Lemma 3.16. Hence g—i is an isomorphism and this implies

that J is an open set. The essential difficulty is to show that J is a close set. So let u(r)
be a solution to ®(u,7) = 0. We first claim that there is a positive constant independent
of 7 such that

(4.2) () g, vy < C-

Note that by the weak maximum principle, Lemma 3.13, we have u(7) > 0. Hence for any
non-negative o € Cg°(M), (h (u(r)) me, @)atg) < (i (0)ms, ) ang. So by Proposition
3.10 we have that

(43)  (hs (u(r) s, @)t < (O, Dhiatgy < halO) il - can Ieluyao
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for all non—negative ¢ € C3°(M) and i = 1,..., N. Thus from (2.4) we see that

(4.4) I @), s, M><Zh Vimillwe .o

and with the combination of inequality (3.22) we obtain that

()l < CIF @) N lwr vy < O h(0) [l _

=1

which proves (4.2). Differentiating (4.1) with respect to 7 gives

(4.5) — Agur + agu, — M —(u(1), Ju, = F(u(r),-),

where u, denotes the derivative of u(T) with respect to 7. By Propositions 2.9 and 2.13,
both || F(u(7), )HWp s 512(M ) and | %E (u(r), - ||Wp s sa(M) AT bounded by ||u(T )||W§§ ) In

G (u
addition 8F < 0, thus the operator (4.5) satisfies the conditions of Lemma 3.16, and hence
it possesses a solution u, in WP (M).

We now show that HUT”WP(S( a is bounded by a constant independent of 7. By Lemma
3.16, equation ’

—Ayw~+ apw = F(u(r),-).
has a solution w that satisfies the inequality ||w||W£5+(M) < C||F(u(r),-) ||WS_2’5+2(M). Since

the bound of || F(u(7), ") (v 18 independent of 7 by (4.2), we conclude that

HW572,5+2
"wyleé(M) <K
and the constant K is independent of 7. From the weak maximum principle, Lemma 3.13,

we get that u, > 0 and hence (Ay+ao)(w —u,) = —2E(u(7), -Ju, > 0. Thus (w—u,) >0,
again by the maximum principle, and therefore

0< <UT7‘70>(M79) < <w’90>(M79) < ||w||W£5(M) HSDHWE/S,J(M) <K ||90||W3;Y75(M)

for any non-negative ¢ € C5°(M). Recalling Remark 2.3, we conclude that HUTHWP(; M S
K. |

Thus we conclude that the norm ||U(T)||WP5( amy is a Lipschitz function of 7, that is,
H|u(7'1)HW§5(M) — \|u(7'2)HW§5(M)| < K|n — m|. Therefore if {r,} C J and 7, — 79,

then {u(7;,)} is a Cauchy sequence in WP (M) and hence J is a closed set. The uniqueness
is a consequence of the weak maximum principle, Lemma 3.13.

O
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5. THE BRILL-CANTOR CRITERION

Let (M, g) be an asymptotically flat manifold of class W ; and R(g) be the scalar curvature.

Throughout this section n > 3. We set 2* = % and s, = 4(77:21). Following Choquet—

Bruhat, Isenberg, and York [14] and Maxwell [23], we define.

Definition 5.1. An asymptotically flat manifold (M, g) is in the positive Yamabe class if
(Vo, Vo) 12,g) + 50 (R(9), ¥°) (M)

(5.1) inf 2 > 0.
PECE (M) lpl]72+
This condition is conformal invariant under the scaling ¢’ = gbﬁ g [14]. When s > 2, then
condition (5.1) takes the common form
Vo,Vo), + s R(g)p?) d
Lo (Ve V) : (9)¢*) dny _
o< im0 ol

Though condition (5.1) is similar to the Yamabe number on compact manifolds, it has a
different interpretation on asymptotically flat manifolds, namely, in that case being in the
positive Yamabe class is equivalent to the existence of a conformal flat metric.

Theorem 5.2. Let (M, g) be an asymptotically flat manifold of the class Wﬁé and assume
that s € (%,00) N [l,00) and 6 € (=%, =2+ ). Then (M,g) is in the positive Yamabe
class if and only if there is a conformally equivalent metric g’ such the R(g’') = 0.

This type of result was first proved in [10] for s > St+2and 1 <p< % Since then the
regularity assumptions were improved by several authors [13, 141, 23], however, they dealt
only with Sobolev spaces of integers order, and when s = 2 they have the restriction that
p > 5. For p = 2 it was proved for all s > % in [24]. Thus Theorem 5.2 improves regularity
and extends the range of p.

Proof of Theorem 5.2. We prove only the sufficiency of condition (5.1), since the necessity
requires no spacial attention to the weighted Besov spaces, and we refer to [13, 1] for this
part.

We consider the following conformal transformation ¢’ = qbﬁ g. It is known that the
metric ¢’ has scalar curvature zero if and only if equation (see e.g. [2])

(5.2) — Ag¢ + suRR(g)9 =0,

possesses a positive solution ¢ such that ¢ — 1 € WZ;(M). Setting u = ¢ — 1, then (5.2)
becomes

(5.3) — Agu+ s, R(g)u = —s,R(g).

In order to assure that equation (5.3) has a solution, it suffices to show that the operator
—A, + 75, R(g) has a trivial kernel for each 7 € [0, 1]. The crucial point is the estimate of
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the numerator of (5.1) in terms of the W{;(M)-norm. Starting with the second term, we
have by Proposition 3.10 that

(54)  [{R(9):¢")mgl = KRG Dol STR@ [l oo Wy 0y

Obviously, |1/, and the last one is finite if §” > -7. Take now ¢’
2—s,

) S ||1||W5’_5,,<M>
satisfying the condition

2
(5.5) 2,<6”§6+2+25’+—n,
P P

and then apply Proposition 2.11, with 0; = § + 2 and d = d3 = ', we get that
2
(5.6) 1R s,y SIR@ vz, sy (Il )

For the first term of the numerator of (5.1), we have from (3.18) that (Vo, V)2 =
(hIV@l2, 1) (12,5, Where g is a smooth metric and h —1 € WF;(M). Then by inequality
(3.15),

(5.7) IV Dz S IVBwr o Ml g

: : e e L
As in the previous term, ||1HW1”L e finite if 6" > %. Writing

hVels = (h=DIVel; + Vel;

and assuming that ¢’ satisfies (5.5), then we can apply again Proposition 2.11, with d; = §
and dy = 93 = 0’ + 1, and get that

2
_ 2 < _ )
69 =1l o S 10 Ther,a (19900 o)

By Proposition 2.9,
2
2
(5.9) (N T (L Yy
whenever §’ also satisfies the condition
n n

5.10 — < <200+ 1)+ —.

(5.10) v ( ) p

In addition, since ¢ is a smooth Riemannian metric,

(5.11) |||v90|§||wf_1,6,+1(/\/1) = |||VS0|||WSP7M,H(M) S ||90||W§6,(M)-

We are now in a position to show that if (M, g) is in the positive Yamabe class, then
—A, + 75,R(g) is an injective operator. For 7 = 0 is injective by the weak maximum
principle. For each 7 € (0, 1], we assume the contrary, that is, there is 0 # u € W[ 5(M)
such that —Ayu + 7s,R(g)u = 0. Then by Proposition 3.7, u € W[ (M) for any ¢’ €
(=%, =24 7). We can always choose §' € (=2, =2+ 1) so that both (5.5) and (5.10) hold
for any given ¢ in (—2, -2+ 7). Choosing such ¢’ and taking a sequence {¢x} C C5°(M)



22 U. BRAUER AND L. KARP

such that ¢p — u in W[5, (M), then inequalities (5.4), (5.6), (5.7),(5.8), (5.9) and (5.11)
imply that numerator of (5.1) is bounded by ||¢g||y» (v~ Hence we may pass to the limit
5,87

and obtain that
0= (vuu vwk)Lz(M,g) + TSn<R(g)U, ¢k>(M7g)
= lim ((Veor, Vor) r2(mg) + Tsn(R(9), 93) (mg))

> 7lim ((Veer, Vor) r2mg) + 5n(R(9), 93) (M)

Since (M, g) is in the positive Yamabe class, the last term of the above inequalities is
positive and obviously this is a contradiction.

Having shown that —A,+ 75, R(g) is injective, we conclude by Corollary 3.6 that equation
(5.3) has a unique solution. Let u be the solution and set ¢ = 14w, then it remains to show
that ¢ > 0. We follow here [10, 23]. Let uy be a solution to Ajuy+As, R(g)ur = —As,R(g)
and set J = {\ € [0,1] : ¢»(x) =1 +uy(z) > 0}. By Lemma 3.5,

lexlhr o S {IAsaR@lwz oo+ Nuallwr | oun )

for some 0’ < ¢, so using the compact embedding, Proposition 2.7(b), we get that wuy
is continuous in the Wﬁ s-norm as a function of A. Hence by the embedding into the
continuous, Proposition 2.7(c), ¢, — 1 is continuous in C’g for some $ > 0. Thus J is open
and non—empty since 0 € J. So if J # [0,1], then there exists a 0 < \g < 1 such that
®», > 0. Then by the Harnack inequality ¢,, > 0 and consequently ¢; = ¢ > 0. For
details how to apply the Harnack inequality under the present regularity assumption see
[18, Lemma 35] and [24, lemma 5.3]. O

6. APPLICATIONS TO THE CONSTRAINT EQUATIONS OF THE EINSTEIN-EULER
SYSTEMS

In this section we describe briefly the initial data for the Einstein—Euler system, for more
details we refer to [0, 7]. In [7] we constructed the initial data in the Hilbert space W2 (M)
and here we apply the results of the previous sections in order to construct the initial data
in the weighted Besov spaces W/ 5(M) for 1 < p < oo.

The Einstein—Euler system describes a relativistic self-gravitating perfect fluid. The fluid
quantities are the energy density p, the pressure p and a unite time-like velocity vector u®.
In this section Greek indexes take the values 0, 1,2,3. The evolution of the gravitational
fields is described by the Einstein equations

1y
Ras = 3 Wg,sR = 81T,
where Mg, is a semi Riemannian metric having a signature (—, +, +, +), Rqaps is the Ricci

curvature tensor and Tyg is the energy-momentum tensor of the matter, which in the case
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of a perfect fluid the latter takes the form

IeY o aB
(6.1) 7% = (p+ pjuu’ +p g™

The evolution of the fluid is described by the Euler equations V,7*® = 0. This system
contains more unknowns than equations and therefore an additional relation is indispens-
able. The usual strategy is to introduce an equation of state, which connects p and p. Here
we consider the analogue of the non-relativistic polytropic equation of state and it is given

by
(6.2) p=plp)=rp’, 1<7y, rKeER"
In the context of astrophysics describing a star, the energy density cannot be bounded

below by a positive constant. It either falls off at infinity, or has a compact support. That
causes the corresponding symmetric hyperbolic system to degenerate (see [0] for details).

Following Makino [21], we regularize the symmetric hyperbolic system by the variable
change
(6.3) w=p'T.

The initial data of the Einstein-Euler system are a proper Riemannian metric g, a sym-
metric (2,0)-tensor K, given on a three dimensional manifold M. The matter variables
are (z,j%), where z energy density and j* is the momentum density, and in addition, there
are initial data for the fluid, these are the Makino variable w and the velocity vector u®.
The data must satisfy the constraint equations

(6.4) { R(g) — Ky K® + (9% Ky)? = 16wz Hamiltonian constraint

BV, K — (3)Vb(gbCKbC) = —8mj* Momentum constraint

Let u® denote the projection of the velocity vector u® on the initial manifold M. The
projections of the energy-momentum tensor 7,4 twice on the unit normal n® and once on
n® and once on M, lead to the following relations

z = p+ (p+ p)gaputil
(6.5) o ~q o
J* = (p+p)u*\/1+ gt

We use the well-known conformal method for solving the constraint equations (6.4). This
method starts by giving some free quantities and the solutions of the constraints are ob-
tained in the end by rescaling these with appropriate powers of a scalar function ¢. This
function is the solution of the Lichnerowicz equation (6.9). In the case of the fluid the
quantities which can be rescaled in a way which is consistent with the general scheme are
z and j*, and not the quantities w and u®. Therefore, in order to provide initial data for
the fluid variables (w, a%), equations (6.5) must be inverted.
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Taking into account the variable change (6.3) and the equation of state (6.2), then (6.5) is
equivalent to the inversion of the map (see [7, §4] for details)

=1 (1+ kw?)a Vl—l—gbuaub)

ut) = | w Kw? aab)V T
(6.6) (D(w’u)'_< L+ (U ) (gwa®a) )7 L+ (14 kw?) (gapuaib)

= (27 ,j"/2).

The inversion of this map under certain condition was established in [7].

Theorem 6.1 (Reconstruction theorem for the initial data). Let g be a Riemanian metric,
then there is a continuous function S : [0,1) — R such that if

(6.7) 0<% <5 (7 Vowi'),

then system (6.6) has a unique inverse.

Condition (6.7) is not invariant under scaling, hence the data for the energy and momentum
densities must satisfy it. Therefore there are two types of free data, the geometric data
(g, A®) where g is a Riemannian metric, A% is divergence and trace free form, and the
matter data (277_1,5“). We also assume that (M, g) belongs in the positive Yamabe class
(see Definition 5.1) and has no Killing vector fields in W2 (M) (for p = 2 and s > 3 this
assumption was verified in [24]).

Theorem 6.2 (Solution of the constraint equations). Let M be Riemannian manifold
and (g, A?, 277_1,5“) be free data such that (M, g) is asymptotically flat of the class W{;

Ay=1

and belongs to the positive Yamabe class, A € WP ;. \(M), (372 ,j%) € WPy, (M),
s € (%, ﬁ—i- )N [1,00) and § € (=% n—2-2).

1. Assume (%,7%) satisfy (6.7) with respect to a flat metric §, then (w,d%) =
@fl(zwg ,7%/z) are initial data for the fluid and satisfy the compatzbzlzty (6.5) in
the term of the metric g = %G, where z = ¢ 82 and j* = ¢, and ¢ is the
solution to the Lichnerowicz equation (6.9). Moreover, (w,u” —1,4%) € W25, (M),

2. There exists a conformal metric g, (2,0)-symmetric form K, which satzsfy the con-
straint equation (0.4) with the right hand side (z,j*). The pair (M, g) is asymptoti-
cally flat of the class Wsp(5 and Ko € W 5, (M).

Remark 6.3. The upper bound 1+ L for the reqularity index s is caused by the equation

2

of state (6.3), and it is superﬂuous whenefuefr b 15 an integer.

Proof Theorem 6.2. We first replace the metric g by a conformal flat metric g. The metric
g is given by the conformal transformation ¢ = ¢*g, where ¢ —1 € W?2s(M). The existence
and the uniqueness of such ¢ is assured by Theorem 5.2.
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In the second stage we set A% = =10 4% and
k= &y (L)
where £ is is the Killing fields operator with respect to the metric g, that is,
(/f(W))ab = VW + VW, — %gab (%W@') .

Then K satisfies the momentum constraint (6.4), if the vector W is a solution to the
Lichnerowicz Laplacian

68 (A,W)' =V, (£07)" = 2w+ %@b (9w + Rowe =~

Here RZ is the Ricci curvature tensor with respect to the metric g. The Lichnerowicz
Laplacian (6.8) is a strongly elliptic operator (see e.g. [11]) and belongs to Asy(A, s, d,p),
since (M, g) is asymptotically flat of the class W;. Its kernel consists of Killing vector
fields in Wz s(M), since we assume there are no such fields, then by Corollary 3.6, A L, 18
isomorphism and hence equation (6.8) possesses a solution.

The solution to the Hamiltonian constraint is done by an additional conformal transforma-
tion ¢ = ¢*§. Setting K% = ¢~10K% and j® = ¢~195% preserves the momentum constraint
of (6.4) with respect to the metric g. Under this transformation, the scalar curvature R(g)
satisfies the equation

R(9)¢® = R(§) — 826,
(see e.g. [2, Ch. 5]), and since R(g) = 0, the Hamiltonian constraint in (6.5) is satisfied
provided that ¢ is a solution to the Lichnerowicz equation

1 ., ~
(6.9) — Ny =2m20 % + éKf;Kggb*?.
Setting u = ¢ — 1, then Lichnerowicz equation (6.9) takes the form

1, -
—Ayu=2m2(u+1)"%+ gKSKg(u +1)77,

and placing it in the frame of Theorem 4.1. This theorem provides a non—negative solution

u € W7s(M). Hence ¢ > 1.

It remains to construct the initial data for the fluid variables (w,a®) in the terms of
the metriciiq = ¢*j. Setting z = ¢ 82, preserves the quantity 2 2§, %7%, while 2T =
¢4~V 272" Since the adiabatic constant v > 1 and ¢ > 1, $~#0~1 < 1 and consequently
2"7 < 2" . Therefore, if (QWT_I, J?a) satisfies (6.7), then the pair (ZWT_I, J;a) does it too.

Hence, by Theorem 6.1 we can let (w,a%) = @‘1(2%1, ]7&), and then obviously the compat-
ibility conditions (6.5) are satisfied in the term of the metric g. Since 25 e Wlso(M),

S

then by Proposition 2.12; z € WﬁHQ(M). At this stage appears the upper bound of 1{he

regularity index s. From Propositions 2.9 and 2.13 we get that (w,u?) = <I>_1(z72;1, %)
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are also in W’ ,(M). Finally, since the velocity vector is a time-like unit vector, we set

W =1+ gabﬁafbb. ]
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